To simplify the analysis, we first consider a simple linear about the components of various signaling pathways, signaling cascade in which stimulation of a receptor their interplay, and their final output. However, the comleads to the consecutive activation of several downplex nature of these pathways renders it extremely diffistream protein kinases (Figure 1) . The signal output of cult to understand how they are regulated and which this pathway is the phosphorylation of the last kinase parameters determine their dynamics. For example, how which, in turn, can elicit a cellular response (e.g., activado the magnitudes of signal output and signal duration tion of a transcription factor 
tion; thus, the dephosphorylation rate of the ith kinase is given by d,i ϭ ␤ i X i , where ␤ i is the rate constant for dephosphorylation by ith phosphatase.
For all but the first activated kinase in the pathway, the concentration of each activated kinase i as a function of time, i.e., X i (t), is given by the solution of the family of differential equations:
If we define C i ϭ X i ϩ X i as the total concentration of kinase i (i.e., the sum of the phospho-and dephosphoforms) and ␣ i ϭ ␣ i C i as a pseudo-first order rate constant, Equation 1 becomes
For the first kinase (X 1 ), activation occurs via the stimulated receptor, and inactivation is mediated by phosphatase 1. Therefore, in place of Equation 2, we have as a function of time.
For our initial analysis, we assume that all pathway components are inactive basally and then undergo rapid downstream kinases (e.g., Raf, MEK, ERK, and RSK) stimulation, which is modeled by setting the concentra-(Cobb, 1999). Growth factor signals are terminated by tion of active receptor at t ϭ 0 to R. Receptor inactivation protein-tyrosine phosphatases (PTPs), RTK endocytosis by various processes (see above) is approximated by the and degradation, protein serine-threonine phosphaequation R(t) ϭ exp(Ϫt), where 1/ is the characteristic tases, and dual-specificity and tyrosine-specific MAP time of the active receptor. The smaller the value of , kinase phosphatases (Keyse, 2000). The same type of the longer the receptor will be in the activated state. In scheme can model pathways that include lipid kinases, the limiting case of → 0, the pathway is permanently such as PI3K, whose reaction products (3-phosphoinoactivated. sitides) help to activate downstream kinases such as For any signal transduction system, three key ques-PDK1 and Akt (Toker, 2000; Vanhaesenbroeck and tions are: (1) How fast does the signal arrive at its destiAlessi, 2000). nation? (2) How long does the signal last? and (3) How Typically, real signaling pathways are more complistrong is the signal? To provide answers to these quescated than this simple scheme. Therefore, in later stages tions, we introduce three key parameters: (i) the signalof our analysis, we will consider the effects of crosstalk ing time, i , is the average time to activate kinase i; (ii) between signaling pathways, the binding of kinases to the signal duration, i , is the average time during which scaffolding proteins, the requirement that multiple sites kinase i remains activated; and (iii) the signal amplitude, be phosphorylated to activate a kinase, and the partici-S i , is the average concentration of activated kinase i. pation of G proteins.
Occasionally, we also refer to the signaling rate, defined simply as the reciprocal of the signaling time ( ϭ 1/ n ).
Linear Signaling Cascades
The signaling time i is given by To derive equations that describe the dynamics of the signaling cascade schematized in Figure 1 , we retain i ϭ
T i I i
, where I i ϭ Ύ (4) the essentials of reactions while neglecting their mechanistic details. Each phosphorylation step is described as a reaction between the phosphorylated form X iϪ1 of I i , the integrated response of X i , is the total amount of kinase i Ϫ 1 in the pathway and the nonphosphorylated active kinase i generated during the signaling period, form X i of a downstream kinase (i). The phosphorylation and thus can be used to characterize signal output (Asrate for each reaction in the pathway is given by the thagiri et al.
, 2000). If one plots X i versus time (Figure expression
, i ϭ ␣ i X iϪ1 X i , where ␣ i is the second order 2), I i corresponds to the area under the curve (shaded). rate constant for phosphorylation by the ith kinase.
The ratio T i /I i is an average, analogous to the mean value These equations implicity assume that the concentration of a statistical distribution. of each kinase-substrate complex is small compared with
The signal duration is given by the total concentration of the reaction partners. Assuming that the concentration of active phosphatase is constant,
dephosphorylation can be modeled as a first order reac-pendix). For the signaling time through the entire pathway one obtains
i.e., is the sum of the characteristic times (and thus, of inverse of the rate constants; see above) for receptor decay and phosphatase action. Remarkably, under these conditions is independent of the kinase rate constants, and all phosphatases have the same effect on , regardless of their position in the pathway. This is in contrast to metabolic pathways or most other reaction schemes, including "strong activation" of signaling pathways (see below), in which all kinetic parameters help to determine signaling time. For signal duration one obtains 
duration , and signal amplitude S.
Shown is the hypothetical time course of the activity of kinase i in a signaling pathway following receptor stimulation. Geometric
Note that this too is independent of the kinase rate interpretations of the definitions of , , and S were based on Equaconstants, and all phosphatases have the same effect.
tions 4-6. Note that the definition of S leads to a value that is not Finally, for signal amplitude one obtains identical with the maximum of the curve.
i is similar to the standard deviation of a statistical distri-S ϭ
(10) bution; thus, i gives a measure of how extended the signaling response is around the mean time (Figure 2) . The signal amplitude, S i , is given by where S 0 is defined as R/2. In contrast to the signaling time and duration, S depends on the kinetic properties
of all pathway components (i.e., receptor, kinases, and phosphatases). The above formula shows that high sigIn a geometric representation, S i is the height of a rectannal amplitudes are obtained with fast kinases and slow gle whose length is 2 i and whose area equals the area phosphatases; moreover, the kinase rate constants under the curve X i (t) (Figure 2) . have a stronger effect than those of the phosphatases. These definitions can apply to a wide range of signal Thus, in a weakly activated pathway, kinases regulate shapes, including those that display more than one maxonly signal amplitude, not signaling time or duration. In imum. They require only that the signal eventually recontrast, phosphatases affect all of these parameters, turns to its initial ground state (otherwise the integrals and in the same direction; i.e., high amplitude can be in Equation 4 would not reach a finite value). If the ground achieved only with long signal duration and slow signalstate is attained only at infinite time (i.e., in a permanently ing rate. Analogous expressions for ,, and S can be activated pathway; → 0), signaling time and duration defined for any intermediate step i. The equations above both tend to infinity, but the amplitudes still have finite show that the signaling time () and duration () increase values (derivation not shown; see also below). The above with the position in the cascade (i.e., i Ͼ iϪ1 , i Ͼ iϪ1 ), definitions are most appropriate if the rates of signal but signal amplitudes can increase or decrease along activation and inactivation are of the same order of magthe pathway, as discussed below. nitude. If kinase activation is much faster than inactivation, the decay of the activated kinase can be used to Amplification and Dampening characterize signal duration (see below).
At any step in a signaling cascade, a signal can be amplified (S i Ͼ S iϪ1 ), dampened (S i Ͻ S iϪ1 ), or remain constant (S i ϭ S iϪ1 ). From Equation 10, one can derive Weakly Activated Pathways that amplification at step i will occur if A pathway is termed "weakly activated" if all of its component kinases are phosphorylated to a low degree (X i ϽϽ C i ). This may occur when the concentration of
(11) activated receptor is low, when the receptor is rapidly inactivated, and/or when the kinases are present at high Thus, amplification requires that the phosphatase rate concentrations. Under these conditions, Equation 2 simconstant (␤ i ) for a given reaction is small compared to plifies to the kinase rate constant (␣ i ). Amplification at step i also depends on signal duration at the preceding step (i.e.,
iϪ1 ); when signal duration at step iϪ1 is long (i.e., large iϪ1 ), amplification can be achieved even when the phosphatase rate constant (for step i) is high. Since signal and the key parameters can be calculated explicitly (Ap-duration increases along the cascade (see above), amplification is favored at later steps in a signaling pathway.
Since the expression within the square root of Equation 11 must be positive, there is a lower limit for iϪ1 at which amplification can occur ( iϪ1 Ͼ 1/␣ i ); i.e., signal duration at step iϪ1 must be longer than the characteristic time (1/␣ i ) of the next kinase. For iϪ1 → ∞, which corresponds to the case in which the receptor and/ or an upstream kinase remain permanently activated, Equation 11 simplifies to ␤ i Ͻ ␣ i . Thus in a permanently activated pathway (e.g., as might occur in the presence of a constitutively activated RTK), signal amplification can be achieved at higher ␤ values than in a time-dependent situation.
Examples of how our model predicts that a signal will traverse a pathway under conditions of weak activation are shown in Figure 3 . If the amplification condition (Equation 11) is fulfilled for all steps ( Figure 3A ), the peak activity (i.e., signal amplitude) of each succeeding kinase (kinases 1 to 4 in the example) increases. In contrast, if the amplification condition is not met at any step, the amplitudes of successive steps decrease (Figure 3B) . Alternatively, the amplification condition may be fulfilled only at later steps, owing to the increase in signal duration i along the pathway (see above). In that case, kinase amplitude could decrease in the upper part of the signaling cascade, while increasing in the lower part (inset; Figure 3B ).
To evoke an appropriate biological response, the ultimate signal produced by a pathway must be of sufficient magnitude. Equation 10 implies that the same overall signal can be achieved with different combinations of kinase and phosphatase rate constants. 4A; curves for 1-and 10-fold amplification). Figure 4B shows the signal output over time of pathways of different lengths (2-4 steps), each with the same overall ampliof an extremely slow phosphatase or fast kinase in a fication (10-fold). Clearly, as the number of steps in the cascade. In such cases, the simplification X i ϽϽ C i is pathway is increased, a signal can travel faster and be no longer valid. of shorter duration. In very short pathways (e.g., only
Longer Signaling Cascades Can Give Sharper
We first consider the properties of a system that is two steps), signal amplification can be achieved only permanently in a strongly activated state. From the conwith slow signal propagation and prolonged signal duradition dX i /dt ϭ 0 one derives from Equation 2: tion. This is probably biologically undesirable, potentially explaining why signaling cascades generally con- 
Output ( 
of X i as a function of the receptor concentration (R):
(B) Shown is the time-dependence of the signal output, calculated for n ϭ 2, 3, and 4 and an overall amplification of S n /S 0 ϭ 10. These 
(13) lower levels of amplification, and amplification occurs only if the activated receptor R does not exceed a threshold concentration. If R is equal to the threshold As in a weakly activated pathway (see above), ␤ i Ͻ ␣ i is a necessary condition for amplification (lest the term on level, the signal is propagated without amplification or dampening. Above the threshold, the signal decreases the right side of condition [13] be negative). However, in a strongly activated pathway, this condition is not along the pathway to reach a limiting value. Weakly and strongly activated pathways also differ sufficient. Instead, condition (13) shows that the concentration of the activated kinase X iϪ1 also must be lower when time-dependent signaling is introduced (i.e., when the pathway is not permanently activated as above). than the total concentration of the next kinase (C i ); indeed, it may have to be considerably lower unless the Consider the three possible routes to a strongly acti-vated pathway: (1) strong receptor stimulation, (2) a parpathway is dependent on the rate constants of the kinases as well as the phosphatases. However, the impact ticularly slow phosphatase, or (3) a particularly fast kinase in the cascade. When the receptor is strongly of the kinases remains lower, since they affect signal duration logarithmically (see Equations 18 and 19). Also, stimulated and the phosphatases are fast compared to receptor inactivation, the cascade will quickly attain a in a strongly activated pathway, upstream phosphatases have a greater effect on signaling time and duraquasi-steady state, during which kinase activation will decay slowly. Since this is a highly asymmetrical time tion than downstream phosphatases (Equation 18), whereas with weak activation, phosphatase effects are course, we can define the signal duration as the time at which the concentration of the activated form of the position independent (Equation 8 Equation 15) is small. The effective K M except that the effects caused by receptor stimulation value, in turn, depends on the rate constants and the will be less pronounced. Similar conclusions apply if the length of the chain. To illustrate the property of the unphosphorylated form of a kinase has some activity. solutions of Equations 14 and 15, we set all ␣'s equal, all ␤'s equal, and all C's equal (␣ i ϭ ␣, ␤ i ϭ ␤, and C i ϭ
Crosstalk between Signaling Pathways C). This allows a simplification of Equation 14 by
Binding of an agonist to its receptor may activate several applying the rules of geometric progression different signaling cascades, which may influence one another by crosstalk. For example, PDGF receptor stim- 9), pathway. Moreover, in contrast to weak activation, the rate constants of both phospha-
tases and kinases (not phosphatases alone; see above) determine signal duration. Similar analyses can be performed for pathways containing a slow phosphatase or a fast kinase. Assuming where ␤ 0 i is the rate constant of the phosphatase i in the that the rate constant ␤ j for phosphatase j is much unperturbed situation and K I is the inhibition constant. smaller than that of the other phosphatases and setting
The concentration of component Y is assumed to be the latter all equal (␤ i ϭ ␤ for i ϶ j), signal duration can proportional to the concentration of the activated recepbe approximated by the formula tor R. To obtain explicit solutions and a qualitative descrip-
(18) tion of the system, we assume that component Y inhibits all phosphatases and set the parameters of the different steps equal (␣ i ϭ ␣, ␤ i ϭ ␤, and C i ϭ C). Substituting For pathways with a fast kinase, the approximate soluexpression (20) for ␤ i in Equation 12, the concentration tion is of active receptor at which the signal is propagated at constant level through the pathway can be calculated for R values above a certain threshold value (see Figure  5 ). Although these calculations were performed for a the system remains sensitive over a wide range of receptor activation (Figure 6B ), whereas in an unperturbed drastically simplified systems (␣'s, ␤'s, and C's are equal), qualitatively similar results are obtained as long pathway, the signal output is extremely responsive at as the respective kinase and phosphatase rate contalk, i.e., leading to activation of a phosphatase or inhibition of a kinase, cause signal dampening (not shown). stants are not extremely different from one another (not shown). The most interesting consequence of crossinAlthough such interactions may be important for the detailed response of a system, the more decisive crosshibition of phosphatases is seen in the time-dependent behavior of the system. Figure 6D shows plots of the talk mechanisms are activation of kinases and, particularly, inhibition of phosphatases. signal output of a four component pathway as a function of time. Both curves are calculated for the same low K I , i.e., for strong inhibition of the phosphatases. Curve III is derived using the parameter combination correspond-
Stability of Signaling Pathways
Signaling pathways must be stable in the off-state; i.e., ing to point B in Figure 6C (area III, low phosphatase activity) and shows long signal duration. Curve I is calcugratuitous kinase stimulation should be dampened, lated from the parameter combination corresponding to rather than amplified. In mathematical terms this repoint A in Figure 6C (area I, high phosphatase activity) quires that, upon an infinitesimal change in the concenand shows spike-like behavior. After receptor stimulatration of an activated kinase, the system must return tion, the kinases are initially fully activated by the inhibito its ground state. (24) dashed curve in Figure 6D ). At later times, the signal output remains unchanged.
The consequences of kinase promiscuity for the stability These effects of crosstalk can be seen only if a phosof the system can be best appreciated if one assumes phatase is strongly inhibited or a kinase strongly actithat each kinase phosphorylates its immediate downvated (by a factor of 100-1000). Since such drastic stream target with the rate constant ␣ and all other changes are difficult to achieve with activations, inhibikinases in the pathway with the rate constant ⑀. The tion of phosphatases may be more relevant physiologically. Notably, the two other possible effects of crosssolution of Equation 24 results in parameter plots with
where T i , T j , and T l are the concentrations of the free kinases, the species in brackets are binary, ternary, and quaternary complexes of F with its kinase binding partners, and the D's are dissociation constants. Using these equations, the concentration of the active species can be calculated from the total concentrations of the kinases and the scaffolding protein F tot . Figure 8A shows the concentration of the active species as a function of F tot , assuming that the active complex contains the scaffolding protein and all three kinases (FT i T j T l ). The solid line (n ϭ 3) illustrates the system's behavior when the kinases bind tightly to F (i.e., low dissociation constants): the active complex increases linearly to reach a maximum at which the concentrations of scaffolding way. Obviously, such a situation would only be meaningtivity (high ␤), the system is stable but displays signal ful if the unbound kinases were essentially inactive. The dampening. The higher the rate constant ⑀ for nonspefact that scaffolding proteins may either stimulate or inhibit cific phosphorylation (i.e., the more promiscuous the signaling, depending on their concentration, may explain kinases), the stronger the tendency toward instability. differences in the observed effects of scaffolding protein Increasing the number of kinases in the system also overexpression (e.g., Gu et al., 1998; Zhao et al., 1999). increases the tendency toward instability (Figure 7 ; note Although more speculative, another possible role for the increase in the area below the shaded region with scaffolding proteins could be to sterically hinder phosincreasing n). Thus, the kinases in a system need to be phatases from acting on bound kinases. To analyze this very specific to achieve stability, particularly if one takes situation, we assume again that the scaffolding protein into account the large number of kinases in cells. A can bind three kinases, resulting in a total of eight spefurther implication is that the broadening of the subcies in which the scaffold-bound kinases have different strate range of a kinase, either by mutation or overexphosphorylation states (indicated in Figure 8B by "0" or pression, may lead to instability. This may help explain "P" at the three positions within brackets). If phosphathe pathogenic consequences of some oncogenic mutatases cannot act on the bound kinases (scheme I in tions (Songyang et al., 1995; Piao et al., 1996) . Figure 8B ), dephosphorylation is possible only after release of all kinases (dashed arrow). If the phosphatases The Role of Scaffolding Proteins can act on the bound kinases, there are many potential Many signaling pathways utilize scaffolding proteins pathways for phosphorylation-dephosphorylation (see that bind multiple kinases in the pathway (for review see arrows in scheme II of Figure 8B ).
Pawson and Scott, 1997). Several potential functions
For both schemes, we have calculated that the signalfor scaffolding proteins have been proposed. ing rate and signal duration, assuming that the amplitude One possibility is that scaffolding proteins serve to of the signal output, species (PPP), has a given value. activate a group of kinases. We consider a pathway in In Figure 8C , the signaling rate is plotted versus the rate which the component kinases are active only when constant of receptor inactivation (). For both schemes, bound to a scaffolding protein, F. Assume that F binds signaling becomes extremely slow if receptor inactivathree consecutive kinases (e.g., the JIP proteins in the tion is slow ( close to zero). If receptor inactivation is stress-activated JNK pathway; Whitmarsh and Davis, fast ( close to 1), the rate constants for the phosphatases have to be small to achieve a given amplitude, 1998). The following equilibria can be written If there is such a double phos-A third possible function of a scaffolding protein is to phorylation step in a signaling pathway, the signal duraallow transport of the bound kinases to the receptor at tion () can be calculated by a method similar to that a certain site at the plasma membrane, away from the described in the Appendix: unbound kinases in bulk solution. In this case, signaling would occur only locally, and the kinases need not in- ing two phosphorylation events for activation:
The signaling time in a G protein-containing pathway obviously depends on several parameters, including the rate constants for GTP hydrolysis and for dissociation of the G protein/kinase complex. Like kinases that perform double phosphorylation, G protein-activated kinases in a pathway can also affect the signaling time, even in a weakly activated situation. However, in reality, the dissociation of the G protein/kinase complex is fast (␥ Ϫ large; Sydor et al., 1998), and therefore the signaling time is mostly determined by the hydrolysis rate of the . We consider a simple scheme (Figure 9) systems, our basic models allow general conclusions in which receptor stimulation leads to the activation of that likely apply to a large number of pathways. These a G protein by conversion from its GDP to its GTP form models also provide a framework for evaluating quanti-(rate constant ␥ ϩ ). The activated G protein then activates tative kinetic data on signaling pathway components. a kinase (with rate constant k ϩ ). Inactivation of the kinase We focused on three key parameters that describe is described by the rate constant ␥ Ϫ . The GTP form of the behavior of signal transduction pathways: the amplithe G protein dissociates from the kinase and is subsetude of signal output, the signaling time (or its inverse, quently inactivated by hydrolysis of GTP (rate constant the signaling rate), and the signal duration. These quanti-␥_). In this scheme, we assume that the GTPase-activatties may not account for the detailed kinetics of all siging enzyme (GAP) and the kinase compete for binding naling systems (e.g., oscillations), but they should be to the G protein, so that GTP hydrolysis only occurs on sufficient to describe most responses. Moreover, each the free G protein (Zhang et al., 1993; Warne et al., 1993) . of these parameters may have biological impact. For The reactions described by the rate constants k ϩ and example, a critical signal amplitude may be needed to ␥ Ϫ may include several individual steps that lead to actievoke a biological effect. Signal amplification may not vation and inactivation of the kinase, respectively. always be required, so long as the signal arrives at its To allow explicit solutions, we consider a weakly, perfinal target (e.g., a specific transcription factor). Most manently activated pathway. For the amplitude X of the likely, fast signaling is desirable in all signal transduction G protein-activated kinase, one obtains pathways. However, signal duration may have to be short in some cases, for example, in a metabolic re-
sponse, and longer in others, such as in a transcriptional response. This equation is similar to the one derived for a cascade Our analysis reveals that these signaling parameters consisting of two kinases and two phosphatases:
are determined by different components of signaling systems. For example, the signal amplitude is influenced
more by kinases than by phosphatases. Signaling rate and duration, on the other hand, are mostly regulated For the signaling time of the G protein-containing pathby phosphatases. In the simplest pathway undergoing way (Figure 9 ), one obtains weak activation, the kinases have no role in determining signaling rate or duration. In more complicated systems, Signaling cascades that contain G proteins turn out pathways, gain flexibility, allowing amplification to be to be surprisingly similar to those consisting only of combined with fast and transient signaling. Crosstalk kinases and phosphatases. Our analysis shows that the also allows small parameter variations to cause drastic rate of GTP hydrolysis of the free G protein/GTP complex changes in signal duration. This may help explain why largely determines signal duration. This is consistent the same pathway can respond differently when stimuwith the fact that oncogenic mutations in the G protein lated by two different receptors; for example, EGF stimuRas decrease its ability to interact with RasGAP and lates the MAP kinase pathway in PC12 cells only tranthus its ability to undergo GTP hydrolysis (Bos, 1997). siently, leading to proliferation, whereas NGF causes a Finally, our analysis reveals striking differences in the sustained response that evokes neuronal differentiation regulation of signaling and metabolic systems. Signaling (Traverse et al., 1992; Marshall, 1995) . cascades can show amplification; indeed, amplification We studied two principle regimes at which a signaling is a key feature of most signal transduction systems. In pathway may function: weak versus strong activation. contrast, metabolic systems typically exhibit dampening Highly activated pathways have the disadvantage of along the pathway. In addition, all components of a displaying lower amplification potential and long signal signaling system determine the amplitude of signal outduration. Under physiological conditions, most pathput, whereas in a metabolic pathway control by individways are likely to be weakly activated. 
